First stone and Last stone of Peg Solitaire

HIDETOMO TOHMORI

Abstract: A method to predict First stone and Last stone in Peg Solitaire game is explained. The game is played according to
Virtual rule. First stone is determined based on the result. And then Last stone is determined corresponding to First stone. In
Virtual rule, more than two stones are in each hole. Further, the hole with even number stones is the same as with no stone in
Usual rule. And the hole with odd number stones is the same as with one stone in Usual rule. The others of Virtual rule are the
same as Usual rule. Therefore impossible in Virtual rule is impossible in Usual rule. But, possible in Virtual rule is possibility in
Usual rule.
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Virtual rule, either of four Blue stones in Fig. 2 remains.
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1. Introduction

In the following description, "the stone removed at the A
beginning of the game™ is said "First stone", and "the stone left B
at the end of the game" is said "Last stone". And "only one stone C
is left at the last of the game™" is said "the game is end". D o
In Virtual rule, more than two stones are in each hole. Further, Therefore, First stone can be either of Yellow stones in Figure
the hole with even number stones is the same as with no stone in 4. Then, if First stone is Yellow stone B4, Last stone is Red
usual rule. And the hole with odd number stones is the same as stone C1 or C4 in Figure 5.
with one stone in usual rule. The others of Virtual rule are the First stone ()
same as Usual rule. Therefore, transformations in Figure 1 and 2 ‘\\
are possible in Virtual rule, but impossible except one in Usual 1 & B48
rule. Hereafter, the game will be played without removing First A QQO@
stone in Virtual rule. B OO0O
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Figure 1 In Usual rule, the games of First stone and Last stone in Figure
EFGH EFGH 4 are possible.
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In both rules, First stone and Last stone can be mutually .
h d Figure 5
exchangec. If the game of Rectangle 20 in Figure 6 is played according to
2. Contents Virtual rule, either of two Green stones in Figure 7 remains.

2.1 Square 16
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D 9000 Therefore, First stone can be either of Yellow stones in Figure
) 7. Then, if First stone is Yellow stone B3, Last stone is Green
Figure 3

N . . stone C3 in Figure 8.
If the game of Square 16 in Figure 3 is played according to
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And if First stone is Yellow stone A4, Last stone is either of
Green stones A2, A5, D2 and D5 in Figure 9.
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And also if First stone is Yellow stone A5, Last stone is either
of Green stones Al, A4, D1 and D4 in Figure 10.

Figure 9
In Usual rule, the games of First stone and Last stone in
Figures 8-10 are possible.

2.3 Deformed diamond 24
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Figure 11
If the game of Deformed Diamond 24 in Figure 11 is played

according to Virtual rule, either of four Blue stones in Figure 12
remains. Therefore, First stone can be either of Yellow stones in

Figure 12.
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Figure 12

Then, if First stone is Yellow stone E4, Last stone is Red stone
B3 or E3 in Figure 13.
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In Usual rule, the game of First stone and Last stone in Figure
13 is possible.

2.4 Square 25
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Figure 14
If the game of Square 25 in Figure 14 is played according to
Virtual rule, one Green stone C3 in Figure 15 remains.
Therefore, First stone can be either of Yellow stones in Figure

15.
12345

OO w»

A
B OC
c O0O000O
& ‘ o
E i @)
Figure 15

Then, if First stone is Yellow stone A3, Last stone is Green

stone B3 or E3 in Figure 16.

Figure 16
And if First stone is Yellow stone B3, Last stone is Green stone
A3 or D3 in Figure 17.
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In Usual rule, the games of First stone and Last stone in Figure
16 and 17 are possible.

2.5 British
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If the game of British in Figure 18 is played according to
Virtual rule, no stone remains as shown in Figure 19.
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Figure 19
Therefore, First stone can be anyone of 33 stones. And Last
stone is First stone itself or either of stones equivalent to First
stone. Therefore considering symmetry, First stone may be
either of seven Yellow stones A3, A4, B3, B4, C3, C4, and D4
shown in Figure 20.
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If First stone is Yellow stone A4, Last stone is either of Yellow
stone A4, Green stones D1, D4 and D7 shown in Figure 21.
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Figure 21
And also, if First stone is Yellow stone B3, Last stone is either
of Yellow stone B3, Green stones E3 and E6 shown in Figure
22.
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Further, if First stone is Yellow stone B4, Last stone is either of
Yellow stone B4, Green stones E1, E4 and E7 shown in Figure
23.
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Figure 23
In Usual rule, the games of First stone and Last stone in
Figures 21-23 are possible.

2.6 Rectangle 35

Figure 24
If the game of Rectangle 35 in Figure 24 is played according to
Virtual rule, either of three Green stones C1, C4 and C7 in

Figure 25 remains.
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Figure 25
Therefore, First stone may be either of Yellow stones in Figure
25. Then, if First stone is Yellow stone C5, Last stone is Green
stone C3 or C6 in Figure 26.
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And if First stone is Yellow stone C6, Last stone is Green stone
C2 or C5 in Figure 27.
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Further if First stone is either of Yellow stones B1, B4 and B7,
Last stone is either of Green stones Al, A4, A7, D1, D4 and D7
in Figure 28.
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And also, if First stone is either of Yellow stones Al, A4 and
A7, Last stone is either of Green stones B1, B4, B7, E1, E4 and
E7 in Figure 29.
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In Usual rule, the games of First stone and Last stone in Figure
26-29 are possible.



2.7 French
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Figure 30
If the game of French in Figure 30 is played according to
Virtual rule, either of Green stones A4, D1, D4, D7 and G4
remains as shown in Figure 31.
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Figure 31
Therefore, First stone may be either of Yellow stones in Figure
32.

Figure 32
Considering symmetry, First stone is either of three Yellow

stones A3, B4 and C4 in Figure 33.
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If First stone is Yellow stone A3, Last stone is either of Green
stones A5, D2, D5 and G5 in Figure 34.
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If First stone is Yellow stone B4, Last stone is either of Green
stones C1, C4, C7 and F4 in Figure 35.
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If First stone is Yellow stone C4, Last stone is either of Green
stones B4, E1, E4 and E7 in Figure 36.
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In Usual rule, the games of First stone and Last stone in Figure
34-36 are possible.
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If the game of Deformed Diamond 40 in Figure 37 is played
according to Virtual rule, either of four Blue stones in Figure 38
remains. Therefore, First stone is either of 16 Yellow stones in

Figure 39.
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Then, if First stone is Yellow stone C7, Last stone is either of
Green stones C2, C5, F2 and F5 in Figure 40.
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And if First stone is Yellow stone C5, Last stone is either of
Green stones C4, C7, F4 and F7 in Figure 41.
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In Usual rule, the games of First and Last stone in Fig. 3 and 4
are possible.

2.9 Diamond
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If the game of Diamond in Figure 42 is played according to
Virtual rule, either of Green stones B5, E2, E5, E8 and H5
remains as shown in Figure 43.
Then, First stone may be either of Yellow stones shown in
Figure 43.
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However, Yellow stones A5, D5, E1, E4, E6, E9, F5 and 15 in
Figure 43 could not be First stone in Usual rule.
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Figure 44

Therefore considering symmetry, First stone is either of two
Yellow stones B6 and C5 in Figure 44.

If First stone is Yellow stone B6, Last stone may be either of
Green stones B4, E7 and H4 in Figure 45 because stone E4
could not be Last stone in Usual rule.
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Figure 45

Further the game of First stone B6 and Last stone H4 is
impossible in Usual rule.

Therefore, If First stone is Yellow stone B6, Last stone is either
of Green stones B4 and E7 in Figure 46
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If First stone is Yellow stone C5, Last stone is either of Green
stones D2, D8 and G5 in Figure 47 because stone D5 could not
be Last stone in Usual rule.
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3. Concluding

As shown in above, except Diamond, possible in Virtual rule is
possible in Usual rule. Naturally impossible in Virtual rule is
impossible in Usual rule. Because First stone and Last stone can
be determined by using Virtual rule, it is very easy to play Peg
Solitaire game. For examples of First stone and Last stone in
Usual rule, please refer to http://www.tohmori.jp/.
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